Numerical solution of Burgers equation with nonlinear damping term has been investigated.We developed new approach based on nonpolynomial cubic tension spline approximation.The proposed approach depends on the parameters involving in tension spline.By choosing suitable values of such parameters the optimal local truncation error of the scheme can be obtained.Convergence analysis of presented method has been discussed in details and we have shown under appropriate condition the method convergence.The method tested on two problems,numerical results have been compared with the exact solution to justify the usefulness and accurate nature of proposed method.
Introduction
The Burgers equation introduced by Burgers [1] provide fundamental pedagogical examples for many important equation in nonlinear Partial Differential equations such as traveling waves,shock formation,similarity solutions and singular perturbations [14, 27, 40, 43] ,it appears in some of condensed matter and statistical Physics and non-physics problems such as vehicular traffic [7] , The Kardar-ParisiZhang or KPZ equation [23, 2] ,traffic flow,shallow water waves, gas dynamics, and fluids with the dissipative viscous behavior [28, 29, 39, 30] . Furthermore,Burgers equation is studying in directed polymers [24, 3] and has found interesting applications in cosmology, such as "Zel'dovich approximation" [46] and "adhesionmodel" [16] . Another application of Burgers equation is in the theory of turbulence and field [34, 37, 15, 31] . Hofe [20] and Cole [8] have shown the Burgers equation can reduce to heat conduction equation. In this paper, we investigate the solution of generalized one-dimensional Burgers equation with nonlinear damping term [38] of the form and the boundary conditions u(c, t) = p 0 (t), u(d, t) = p 1 (t), (1.3) where u(x, t) indicates the velocity for the space x and time t, a is parameter and g(u) is damping term.
The Burgers equation in the first term is an unsteady term,the second and third term represents nonlinear convection and diffusion problem,with nonlinearity term,can be survived by many researcher. Different numerical technique have been used for solving Burgers equation.Finite difference methods have been given by Biringen et al [4] and Kutluay et al. [25] and recently,by Inan et al [21] .Finite elements methods have been given by Caldwell et al. [9] and Varglu et al. [42] and Ozis et al. [35] .Spectral methods have been developed by Bar-yoseph et al. [5] and Mansell et al. [32] .Pseudo-spectral method has been used by Darvishi et al. [12] and distributed approximation function approach has studied by Zang et al. [47] and Wei et al. [44] .Boundary elements methods is given by Bahadir et al. [6] .A wavelet collocation method has used by Garba [17] ,furthermore quasi wavelet based numerical method has been suggested by Wan et al. [45] .Fast adaptive diffusion wavelet method have been survived by Goyal et al. [18] .Least square quadratic B-spline finite elements has been given by Kutluay et al. [26] .Various B-spline have been proposed by Dag et al. [13, 41] .B-spline and multi-quadratic quasi-interpolation have been described by Zhu et al and Chen et al. [48, 10] . The present work attempts to use cubic non-polynomial spline [36, 19, 33] .One of the important ability of this approximation is the tension parameters involving definition of non-polynomial cubic spline which can be chosen in such a way that the local truncation error of the proposed method can be optimal.Hence,it has been demonstrate that tension spline give better result.This paper is organized as follows:In section 2,derivation and formulation of the cubic non-polynomial tension spline along with consistency relation of second derivatives discussed in details.In section 3,the derivation of two level scheme based on non-polynomial tension spline has been described.In section 4,convergence analysis of the present method has been discussed in detail and we have shown under appropriate condition the method converges.At the end,we illustrate the accuracy and efficiency of the proposed method by testing this approach on two test problems.comparison of the numerical result are given.
where the a l , b l , c l , d l are unknown coefficients and ω is arbitrarily parameter. To determine the unknown coefficient in (2.1) we denote the following relations
The first and second derivatives of non-polynomial tension spline function s(x) are
Now using (2.2)-(2.4) and after some algebraic manipulation,we can determine the unknown coefficients in (2.1) as
Using the continuity of the first derivative at (
.We obtain the following equation for l = 1, ..., n.
3 ), and the relations defined by (2.5) reduced into construction relation of conventional cubic spline. Now by using the continuous of the first derivative,we have
combining (2.6) and (2.7),we obtain
Similarly ,we have
The method based on tension spline
The notation u j l is used for the discrete approximation value of u(x l , t j ),l = 0, 1, ..., n and j = 0, 1, ..., m,in which n and m are integer and x l = c + lh and t j = t 0 + jk,where k is the step size in t direction. We consider the following finite difference approximation
By replacing space derivatives by non-polynomial tension spline
By using the relations of (3.1),(3.7) and (3.8),we can obtain the new approximate solution of equation (1) as
where m j l similar to (2.8) in jth time level and g j l = g(u j l ) , l = 1(1)n − 1. Furthermore,similar to (2.5) in jth time level,we get
We substitute (3.9) in (3.10) and by the help of (3.1)-(3.3),we obtain
Now by using equations of (3.4)-(3.6) in (2.8)-(2.10),we have
By substituting equations (3.12)-(3.14) in (3.11),we can obtain
and
. The above system can be associated with boundary conditions.By solving this system the approximate solution can be obtain.
3.1. The appropriate parameters. Using Taylor expansion about the grid point u(x l , t j ),finally we obtain the local truncation error 
Convergence of the method
Here we analyze the convergence of the system,we can write system (3.15) in the matrix form
P is tri-diagonal matrix with variable entries,Q is coefficient matrix of U j with constant entries and G(U j ) is nonlinear terms in this system. to prove convergence,we suppose a > 0,ρ = max |u j l |, l = 1(1)n − 1, j = 0(1)m. In this paper . means . ∞ .
Lemma. P is nonsingular.
proof. It is sufficient to solve that P is strictly diagonally dominant.Therefore we must prove
By using inequality (4.3) in left hand side of equation (4.2),we obtain
We know α − β = − 1 3 ,therefore inequality (4.4) is obvious and proof complete. 4.1. Theorem. The discrete numerical scheme defined by (3.15) is convergent,provided that N ≤ h 2 (2 + h( aρ 24 )). proof.We assume that U j+1 andÛ j+1 are exact and approximation solution of (4.1),respectively.The error in the solution is:
where E = (e 1 , e 2 , ..., e n )
T Following [11] we have
N is the coefficient matrix of the nonlinear term. Now by using of equation (4.6) in (4.5)we obtain
Using the infinity norm,we can write
The method is convergent if
By simple calculation,we achieve Q = h 2 , (4.10)
By substitute (4.10) and (4.11) in (4.9),the proof complete.
Numerical illustrations
To illustrate accuracy and ability of the proposed method,we considered two examples. Note that,the proposed non-linear tension spline is a two-level scheme therefore the starting level can be determined by the given initial condition.Finally we solve the arising system. Example1.We consider equation
with the following initial and boundary conditions
The exact solution of the above equation is taken u(x, t) = 2π ∞ n=1 a n exp(−n 2 π 2 t)n sin(nπx) In table 2 ,we take h = 0.1 and k = 0.001,the results are computed for different time levels and different a.the maximum absolute error are tabulated in table 2. In Figures 1−3 ,we show the graphs between exact and numerical solutions at t = 1, t = 3 and t = 5 in different a. Example2.We consider nonlinear damping equation
The exact solution is
In our computation,the computed solution are compare with exact solution.The maximum absolute error are reported in table 3-5.In Table 3 
conclusion
The basic goal of this work has been employed the non-polynomial tension spline as a reasonable basis for studying the approximate solutions for Burgers equations with nonlinear damping term.Finite difference approximation for time and tension spline for spatial are used.Presented scheme are of order O(h 2 + k 2 h 2 + h 4 ) and under appropriate condition the method convergence.The performance and accuracy of the method have been examined by applying in 2 examples.
